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DIS Kinematics

__ 2 squared center-
5= (k T P) of-mass energy

k
e
Q2 — —q2 momentum transfer
QQ
r= —— Bjorken scaling
2P - q variable
© P
@ © y = P-q :ePton energy
o ] oss in proton
Pk rest frame
Q° = xys

soft hadrons

total momentum

hﬁ::::i::ﬁsa::sd Px = q -+ P of final hadronic
state
9 1 — r o  invariant mass of
Px — Q final hadronic
L state

Limit * — 1 corresponds to single collimated jet in final state

We will look away from x = T at two-jet like final states



Strong Coupling from Jets in DIS

Process Collab. | Value Exp. Th. Total (%)
(1) Inc. jets at low Q? H1 |0.1180 | 0.0018 | +90124 +0.0125  +10.6
(2) Dijets at low Q? H1 |[0.1155 | 0.0018

(3) Trijets at low Q? H1 [0.1170 | 0.0017 | T5oo7a oe | et
(4) Combined low Q? H1 [0.1160 | 0.0014 | 15009 Hoons 182
(5) Trijet/dijet at low Q? H1 0.1215 | 0.0032 . onee too0re 18l
(6) Inc. jets at medium ()? H1 |0.1195| 0.0010 | +9-0032 100083 444
(7) Dijets at medium Q? H1 |0.1155 | 0.0009 100048 130
(8) Trijets at medium ()? H1 0.1172 | 0.0013 T 0.0032 700035  —30
(9) Combined medium ? H1 0.1168 | 0.0007 003 o a0
(10) Inc. jets at high Q? (anti-k7) ZEUS | 0.1188 | *1oo0ae +o.0022 tooma 13T
(11) Inc. jets at high Q* (SIScone) ZEUS [0.1186 [ *0003s | Tooose || Tooois  Taa
(12) Inc. jets at high Q? (kp; HERA I) | ZEUS [ 0.1207 | *5o0ae +0.0022 0004 128
(13) Inc. jets at high Q? (kp; HERA II) | ZEUS [ 0.1208 [ 10 00as +0.0022 0004 138
(14) Inc. jets in vyp (anti-k7) ZEUS | 0.1200 | 1500es Ayt ey 133
(15) Inc. jets in yp (SIScone) ZEUS |0.1199 | 100053 o e e ooir | 28
(16) Inc. jets in yp (kr) ZEUS |0.1208 | 00055 | foooss || Toooso s
(17) Jet shape ZEUS | 0.1176 | 000 | fooore || Tooorr  fes
(18) Subjet multiplicity ZEUS | 0.1187 | *oo0ss e My e 1o
HERA average 2004 0.1186 | £0.0011 | £0.0050 || £0.0051 =£4.3
HERA average 2007 0.1198 | £0.0019 | £0.0026 || £0.0032 £2.7

Table 1: Values of ag(Myz) extracted from jet observables at HERA together with their
uncertainties (rows 1 to 18). The 2004 [10] and 2007 [11] HERA averages are shown in the

last two rows.

Extractions from
exclusive jet cross
sections have order
10% uncertainty,
dominated by
theory

Improve to level
of e*e?

C. Glasman, in the Proceedings of the Workshop
on Precision Measurements of (tg [1110.0016]



Challenges to Precision Jet Cross Sections

® Jet cross sections typically depend on
® choice of jet algorithm
® et sizes
® jet vetoes (for exclusive jet cross sections)

® These parameters generate a number of logarithms (non-
global logs, logs of radii R, etc.) in perturbation theory which

are challenging to resum (NB: very recent progress!)
e.g. Larkoski, Moult, Neill (2015-16); Chien, Hornig, CL (2015)

® N-Jettiness: a global observable picking out N-jet final states

by measurement of a single parameter, logs of which can be
resummed in perturbation theory by standard RGE
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e’e” Thrust: high precision extraction of g

(2-jettiness)

NNNLL perturbative prediction +
nonperturbative soft power correction led
to most precise extraction of strong
coupling from event shapes

Abbate, Fickinger, Hoang,
Mateu, Stewart (2010)
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perturbative distribution Becher, Schwartz (2008)
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N-jettiness

An inclusive event shape over all final state hadrons excluding more than N jets:
2 .
TN = @ Z mln{QB "Pisq1 - Piy- -5 4N pz} Stewart, Tackmann, Waalewijn (2010)
i

Vector ¢B is aligned with the incoming proton beam and ¢1,...,N with final state jets.
Final state hadrons i are grouped with the axis “closest” to it.

As 7nv — 0, final state contains exactly N+ 7 pencil-like jets (one from beam radiation).

We will look at “1-jettiness” in DIS.

2 .
= 5 > min{gp - pi,qs - pi}
)

Center-of-momentum
frame:

Uz

I —
°9

€@

PB



N-jettiness

An inclusive event shape over all final state hadrons excluding more than N jets:
2 .
TN = @ Z mln{QB "Pisq1 - Piy- -5 4N pz} Stewart, Tackmann, Waalewijn (2010)
i

Vector ¢B is aligned with the incoming proton beam and ¢1,...,N with final state jets.
Final state hadrons i are grouped with the axis “closest” to it.

As 7nv — 0, final state contains exactly N+ 7 pencil-like jets (one from beam radiation).

We will look at “1-jettiness” in DIS.

2 .
= 5 > min{gp - pi,qs - pi}
)

(How shall we pick gg and q]?)

Center-of-momentum
frame:

Uz

I —
°9

€@

P p:\/g%
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Choices for DIS |-jettiness  o.xmscusemnr o
A

qy true jet axis

CM frame -y
a Hp ", !
T
g = =P qp =P
qj = true jet axis
[similar but not identical definition
in Z. Kang, Mantry, Qiu (2012)] pB
q is Aligned with the jet momentum,
with no relative label transverse momentum:
find by jet algorithm or minimization
== depends on momenta
of final-state hadrons
pisr = (§ —2)P + ki g7 =q+zP =k

ki ~ Q)



Choices for DIS |-jettiness  o.xmscrsemnr o

PJ
= CM frame
B = 2 b . L q =q+xP
= = | 71 |
g = P
q; =q+xP

same as DIS thrust
by Antonelli, Dasgupta, Salam (1999)

q) no longer exactly aligned with jet, but simpler in that g+xP
is given only by lepton and initial-state proton momenta
/ Hp . HJ

Breit frame: c :
: DJ
B q = (Q7 07 07 Q) E
oost B ' el P
g = Qn, qj = Qn, : ¢

| -jettiness regions are hemispheres in Breit frame PB

[See D. Kang, CL, Stewart (2013) for a third version of |-jettiness]



Soft Collinear Effective Theory

* Modern tools for high precision resummation, factorization of
Pertu rbative and nonpertu rbative effects Bauer, Fleming, Luke, Pirjol, Stewart (1999-2001)

QCD: collinear SC ET:

' C(Q, 1) X

Power ard
expansion ar -
collinear P matching c.lecoupled colll.near decoupled soft
to N, coefficient jet/beam functions function
* RG Evolution e Resummation of large logs
(7)
pa = Q Ino(r) ~ «

hard scale Y ;
+ In7)
+ o In® 7

jet/beam scale HJ,B = QV'T v s
+

soft scale ps = Q1 \ 2
Leading Next-to- NNLL NBLL

Log (LL)  Leading Log
(NLL)



Factorization Theorem for |-Jettiness

do(z, Q%)
d7'1

= Ly (2, Q)W (2, Q% 1)

leptonic tensor hadronic tensor

Start in QCD:

WH (z,Q%, 11) = /d% e (Plqy*q(2)d(m — 71)3v"q(0)| P)

711 X) = 1 (X)]|X)

Measure 71 of particles crossing the cut



Factorization Theorem for |-Jettiness

do(z, Q%)
dTl

= Ly (2, Q)W (2, Q% 1)

Match onto 2-jet operators in SCET:

W/W(SE Q 7_1 /d4x67’q$ Z /d3 d3ﬁ2673(ﬁ2—]51)'a:02(151’]52)0”(]51“62)

ni,n2
o | X (P [ X, (2) T (Y, (2) Yoy (2)] 0 0 () soft gluon
collinear jet operators in SCET . ~ng S Wilson lines
W] XO0(my — 7t — 7% —17) v
¢ ¥ X Xni,p1 (O)T[YTL (O)Ynz (0>]Xn2,152 (O> |PnB> 2

collinear Wilson line  collinear quark field

@ €ZT
Q@0 i %

D
% %
7

%)
©



Factorization Theorem for |-Jettiness

do(z, Q?)

= Ly (2, Q)W (2, Q% 1)
dTl

Match onto 2-jet operators in SCET:

W (z,Q%, 1) = /05451367:(1'3C > /d3ﬁ1d3ﬁ2€i(ﬁ2_ﬁl)mCZ(]51,ﬁz)cu(ﬁla152)

1,12
) ) ) X <PnB ‘X’I’LQ,];2 (CC)T[Y,',;I:Q (aj)Ynl (x)]an ,P1 (x) soft gluon
collinear jet operators in SCET T T s . .
- < 5(7-1 — T 1 _ 71 2 7-1) Wilson lines
Xn - [ann] B T Ynl X
¢ ¥ X Xn1,p1 (O)T[Ynl (O)Ynz (0>]Xn2,152 (O> |PnB> ’

collinear Wilson line  collinear quark field

“beam function”

‘----

g,

“jet function” “soft function”



Factorization Theorem for |-Jettiness

Factor collinear and soft matrix elements:

hard function

Wi . @m) = [ 5 [ drsdradr CH@mE@ ) (n - 2 - 2 - 25 )

s; s Qr
beam function | X (Png|Xnp (0)0(Q@pTs — np - p"#)[0(7ip - ¢ + i - P)6*(PL — PL)Xnp)(0)|Pry)
et function (X {0lxn, (0)8(Qs7s —ny - p"7)8(Ry - ¢ + Ty - P)6°(qL + DL + PL)Xn,(0)[0)

(+ permutations)

beam function

-
E N N N = = .

(

jet function soft function



Factorization Theorems for |-Jettiness

1%
1 dO‘(CIJ,QZ) 2 / ty B ks
= H dt jdtgdkgo| 7' — = — = — —
jk oo drf (@) Jdtadtndiso\T =2 = 2 = g
2 JCI(tJvU)BQ(tBaxaﬂ)S(ksaﬂ)

S — 1 do(z,Q7) _ 2 2 , t;7 it ks
5_§ o ;f 0 de —H(Q ,,LL)/d pJ_dtJdthk55 T1 QZ Q2 Q

: ? 5‘ -

|
e

X JQ(tJ — pi) :U’)Bq(tBa X, pi) :UJ)S(]CSU :u)

Tlazjet momentum aligned with |-jettiness axis, decoupled from beam pr
T1 :jet and beam pr correlated by momentum conservation

» difference in two distributions is a probe of ISR pr



Factorization Theorems for |-Jettiness

==
1 dO‘(CIJ,QZ) 2 / ty B ks
_H dt jdtgdkss( 70 — 2L 1B _ Ns
jk oo drf (@) Jdtadtndiso\T =2 = 2 = g
2 JCI(tJvU)BQ(tBaxaﬂ)S(ksaﬂ)
S — 1 do(z,Q7) 2 2 , t;7 it ks
E-§ = E 0.0 dT{) H(Q 7/’L) d pJ_dtJdthkS(S 7-1 QQ QQ Q
| B -
? -

|
X
o~
=
oy
L}
=
:
6
=
@
i
&
=

Tlazjet momentum aligned with |-jettiness axis, decoupled from beam pr
T1 :jet and beam pr correlated by momentum conservation

» difference in two distributions is a probe of ISR pr



Hard and Jet Functions

2 L &S(M)CF B 2:“_2_ ILL_Q_ 7T_2
H(Q*n) =1+ o ( In 02 SIHQQ 8—|—6 + ...

known to 3 loops

known to 2 loops

anomalous dimension known to 3 loops



Beam Function and PDFs

transverse momentum dependent beam function:
O(w) [ dy”

n

B(WkJrvx?kinu) - / Eeik+y_/2<Pn(P_)|>_Cn (y_§)5(ajp_ —n- 7))5(]{3_ o Pi)Xn(O)‘Pn(P_»

w

* match onto PDF

(WP (P7)[Xn(0)0(xP™ =7 - P)xn(0)| P (P7))

k) fi(6n)

Measure small light-cone momentum k+ =¢/P~
and transverse momentum k |
of initial state radiation



Generalized Beam Function to |-loop

now known to 2 loops;
J_a ,U) fg (513 ,U) anomalous dimension

known to 3 loops

Gaunt, Stahlhofen, Tackmann (2014)

—
00
Tt 2, K2 1) = %5@)5(1 —2)5(K2) + “8(2‘7‘3201“‘ 9(2){#22 [9(” :1/15‘2/ #2)] S(1_2)5(k2)  JainProcuraWaslewin (2009
' +
1 10() 3. (1 —2)t
" L/#? ) [qu(z) - 3aa —z)] o(ki - )

—_ 2

~

(162a)
ot ) = 0 23 | 20| P12 - E2) 46050 | Pug(e 22 4 2001 = 2120 - )| |,
! ,,

2 . 1 -
- ] (1+22)—%O(l—z)—l—@(l—z)(l—z— 1+z lnz)]}
~ -

A

(162b)
Tells us that PDFs should be evaluated at the beam radiation scale t

ordinary beam function: B(t7 T, ILL) — / d2 kJ_B(t, x, ki, ,u) Stewart, Tackmann, Waalewijn (2009)



Soft Functions

» Definition of soft functions depends on
direction of incoming/outgoing beams/jets:

outgoing jet: Y,ﬁ(x) = Pexp igf dsn-Ag(ns + x)
! 0 §

_ 0 :
incoming beam: Y "(x) = Pexp igf dsn-As;(ns+x)|,

o0

» Soft functions for e+e- dijets, DIS |-jettiness, and pp beam thrust:

1 + + 2 + -
S5 (b1, Cry 1) = N—TrZ (X TLYE 0)YE(0)] [0)) eter -+
¢ iex, DIS: ——
X 5(51 —Z 0(n - ki—n - kin - ki)5(5z—z On-k;—n - k)i - k,-) . pp: +-—
1€X 1€X;
+ Perturbatively, it is known that ~ S5° = Sgp == Sgp to at least O(a?)

Kang, Labun, CL (2015); Boughezal, Liu, Petriello (2015)
* Nonperturbatively, we cannot conclude anything about their equality, but...



e Reminder: Dokshitzer-VYVebber model

NP Corrections

Decay scheme (udscb)

20 Ei

—
(9)]
T

1/0 do/dt

—
o
T

Q = Mz
O ALEPH
X DELPHI

— SF
— — shift

-- PT (DGE)

& 1 1
0 0.05 0.1

1
0.15

0.2

(4

(e) = {e)pT + Ce—~ 0

Ce observable dependent,

calculable coefficient

()1 universal
nonperturbative
parameter

(one for each of ee, ep, pp)

* SCET: First rigorous proof (and field theory definition of {))
from factorization theorem and boost invariance of soft radiation:

1 _ —
Q) — N—Tr{O\YT YTST( )Y, Y 1 |0)

C

L

“energy flow
operator

conjecture from single
soft gluon emission:
Dokshitzer, VWebber
(1995, 1997)

proof to all orders in
soft gluon emission:

CL, Sterman (2006, 2007)

£ L

soft radiation sees only direction, not energy, of original collinear partons, invariant to boosts along z



Belitsky, Korchemsky, Sterman (2001)
Bauer, Fleming, CL, Sterman (2008)

Momentum Flow Operators

. 1 i
generic form of event shapes: ¢(X) = é Z fe(n:)Pr|  e.g angularities f. (1) = e Inl(1—a)
i€ X

.. 1 [~ .
operator action in terms of elX)=e(X)|X) = 5/ dn fe(m)Er(n;t) | X)
transverse momentum flow operator: —oo

Er(n)|X) = 1p|o(n — )| X)

e X
construct out of energy-momentum tensor of QCD:

1 2T . o0 ) )
ST(n) — COSh3 / dgb lim R2/ dt niTOi(t, Rn)
nJo 0

R—o0

measures total transverse momentum |pr|
flowing through slice of sphere at rapidity 77
from collision time t=0 to detector at t — o¢

R — o

since Lagrangian of SCET factors into collinear and
soft sectors, so does the energy-momentum tensor:

Ty =T, +T,,+T,,




CL, Sterman (2006, 2007)

Proof of universality

* In general NP part of soft function must be modeled and is observable-dependent:
S(e,u,A) = / de' Spr(e — €', u)Fnp(e', A)
0

* The universality of the first moment, however, can be proven exactly:

) s Q/ dn fe(n —Tr0|TYTY Er(n >

Lorentz boosts by rapidity «
%%% %% along z:

Yn:Pexp[ig/OOOdsn As(n )} e Y,
0) =l |0)
Er(n)  welie E(n+ )

» Ateh = g [ dnsn) Y 5 TOITI Valer )Ty Vo) |

Ce Ql

eg. Cr =2 coc=3m Cr, = for e*e" scaling is obeyed well by LEP data



Nonperturbative Soft

Convolution of perturbative soft function (soft radiation)
with nonperturbative model function (hadronization):

Model Function

S(ks, ,LL) = /dl SPT(ICS — l, ,LL)SNP(Z)

Snp(l) = f(I—A4)

RS ALY

Ju(K)

Ligeti, Stewart, Tackmann (2008)

A=1|

In following results, the following
model function will be used:

k (GeV)
Basis coefficients, width and gap should be fit to data for one event shape and value of Q.
Universality allows predictions for other event shapes and values of Q.

N=0,1=0.6,A =50 MeV 1

1.0 15 2.0

0.5 .
k (GeV)



Resummation of Logs

Solution of RG Equations resums logs to all orders in o,

Order of logarithmic accuracy (LL, NLL, etc.) depends on
accuracy to which anomalous dimensions and fixed-order

matrix elements are known:

FF YEF Cr 6[058]
LL Qg 1 1 Qg
2 2 previous accuracy for
NEL o poas o | = P st (1999)
NNLL [ af | af | as | o
4 3 2 4 All* pieces now known
3
NFLL @ s &s o for DIS 1-jettiness

* cusp anom. dim. only to 3 loops, but unknown piece introduces small uncertainty
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Predictions for DIS 1-jettiness

Partonic only, no hadronization, MSTW 2008 PDFs, Preliminary: Kang, CL, Stewart (2016)
matched to NLO fixed order (Kang, CL, Stewart 2014):

i W

|
|
|
h

1.5 NLL Q=100 GeV 358 L . NLL Q=80 GeV

30l x=0.01

~ 25}

°

< 20¢

©

= 15¢
10}

000 005 010 045 020 025  0.30 80 01 0.2 03 0.4

Q=50 GeV
x=0.05

P00 005 010 0415 020 025 030 035 %0 005 010 0415 020 025 030



PCNVVER CORRECTIONS N PP ANLY DIS

Universal nonperturbative shift in 3 versions of DIS |-jettiness:

| 0=80GeV Using factorization theorems and

x¥=02 | boost invariance properties of soft
NNLL PT + NP 0=0.35 GeV - . .

— ' o Wilson lines, can prove that:

OF = QY = Qf

D. Kang, CL, I. Stewart (201 3)

V(s by) /577 Bosumomion  SET¥,0.0)  Boost

Y-
ﬁ ..’._.. i “ee

Yn Yﬁ Yn
Y, (In £,0)
jet boundary

For R < 1, the beam Wilson lines fuse and 2 = £ Qg + . ..

o
o
o
o
o

Stewart, Tackmann,

M dbiea ) The universal 2§ can be extracted from DIS event shapes



Experimental Coverage

Preliminary: Kang, CL, Stewart (2016)

A
preliminary theoretical
100p uncertainty (N3LL) 1
70f o :
- SO => EIC|.
- oA high) -
>0 existing HERA event N 9 1
[ shape analyses __« == ]
30 SR EIC
o (low
20 O 1
10
0.01 0.1 1.

X

New analyses of HERA data for |-jettiness under way!



Some preliminary observations

Few percent precision now achievable for |-jettiness at
relatively large Q and x

® could achieve even better precision in determining strong
coupling by fitting to many Q, x data sets.

Data across many Q and x values also provide powerful test of
universality of nonperturbative shift

Lower Q data may prove useful to measure higher moments of
nonperturbative shape functions

Other observables! Energy-energy correlation (EEC) motivated
suite of jet structure/substructures observables now available,
amenable to similarly high-precision computation

e.g. Larkoski, Moult, Neill (2014-15);
Moult, Necib, Thaler (2016)



Summary

® We have computed |-jettiness cross sections in DIS to N3LL
resummed accuracy

® different versions of |-jettiness probe ISR pr differently,
offer a test of universality of nonpeturbative effects

® SCET provided the tools:

® to vastly improve the perturbative accuracy
of resummed predictions

® to identify universal nonperturbative effects
on |-jettiness distributions

® Jets in electron-proton collisions are a powerful probe of the
strong coupling and hadron structure, with the requisite
theoretical work and with the right machines.



eTe  Thrust: Precision extraction of

(2-jettiness) 1 do

NNNLL perturbative prediction +

nonperturbative soft power correction led _
to most precise extraction of strong 1.2
coupling from event shapes

Q=my, Sum Logs Wlth S —|— gap |
s NSLL -
e NSLL

NNLL’ ]
Abbate, Fickinger, Hoang, 08 | NNLL
Mateu, Stewart (2010) s NLL'
0.6 [

NNNLL resummed
perturbative distribution Becher, Schwartz (2008) 0.4 -

0.2 — T
as(m z) from global thrust fits 0_0:.............................‘
i i 0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30
0.135F + — perturbative error Compare fixed order: T
i 0(a?) i l _dO'
0.130F ¢ 0.1300+0.0047 — o dT
: + multijet boundary : 14 Q:mZ Fixed Order _
0.125F 0. ‘"4” 0.0034 - 1.2 e O(a?) .
- -7.5% shift from NP . o 5 ;
i power corrections ] 1.0 — O(c;) ]
0120__ ections — 0.8 - O(Ozs)
) PA . . L
- 0.1192 o - +it-achen - ;
L . o +b—mass &QED =+
- + N3LL summation 0.1140+ 0.000 +0”’;‘;5+500(300 . 0.6 |
0.115_— * : ~{~— U ol
i i 0.2 F
0.110 — I
Abbate, Fickinger, Hoang, Mateu, Stewart (2010) 0.0

0.16 0.18 0.20 0.22 024 026 0.28 0.30
T



eTe  Thrust: Precision extraction of

(2-jettiness) 1 do

NNNLL perturbative prediction +

nonperturbative soft power correction led _
to most precise extraction of strong 1.2
coupling from event shapes

Q=m, Sum Logs Wlth S —I— gap -
s NSLL -
e NSLL

NNLL’ ]
Abbate, Fickinger, Hoang, 08 | NNLL
Mateu, Stewart (2010) s NLL'
0.6 [

NNNLL resummed _
perturbative distribution Becher, Schwartz (2008) 0.4 :

0.2 1
as(m z) from global thrust fits 0.0:""""""""""""""'_
[ ] 0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30
0.135[- + — perturbative error - Compare fixed order: T
i O(a?) ] l dO_
0.130F ¢t 0.1300+0.0047 - o dr
i + multijet boundary - 1.4 Q:mZ Fixed Order ]
0.125F 0. '"4”‘ 0034 - 1.2 e O(a?) .
C -7.5% shift from NP ] ;
- power corrections - 1.0 e O(cy) -
0.120F rrections - 08 O(aws)
i 0.1192 | sl ) :
- o +b-mass &QED -
- + N3LL summation Vs +0 HI{:;:SO 0800 - 0.6 -
0.115F Ve -
- Generically, better perturbative | |
- calculations + rigorous .2
0.110 — . i
Abbate, Fickinger, Hoang,| treatment of nonperturbative |

: : 1 1 . . 24 0. . .
corrections gives smaller (/g ) 0-160.18 = 0.20 022 024 0.2 0287.030




Theoretical Uncertainty

Uncertainty from missing terms of higher order in perturbation theory estimated by

varying the scales in three ways:

need to turn off resummation for
matching to fixed order at large 7

Stewart, Tackmann,Waalewijn (2010)

|. overall scale

2. jet/beam scale 80f
within cyan band

3. soft scale Of

-
-

-

- "
- O'
- R

.
.
.
.
.
.
*
.
.
.*
.

— - between Q/2 and 2Q

.
.
R

within red band

nonzero minimum values

of scales at small 7

0.8

variation o

10

f multiple scales allows more

realistic estimate of uncertainty than fixed-
order or traditional pQCD predictions which

only allow

one (overall) scale variation



Predictions for DIS 1-jettiness
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Predictions for DIS 1-jettiness
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Three choices for DIS |-jettiness

— Hp Hy
CM frame ’
Ty
qp = P q; =k
qgp = P DB &
q; =k v

(electron momentum)

measures thrust in back-to-back hemispheres in Center-of-momentum frame
momentum transfer q itself has a nonzero transverse component:

q= y\/E% - :vy\/g% +/1-yQn,y
seemingly simplest definition: in practice hardest to calculate!

— L o 2
Restriction: D has to be small for 1-jettiness 71 to be small = 1 —y ~ A



Light-Cone Directions

qj — Wj—

%BHJ n.g

2
(" : . :
Choose conjugate directions:
_ 2 - 2
ny = np np = nJg
njy-ng ny-Nng
.
4 ™
ny-p _wpnj-np 2
Sizes of beam and jet regions: nyp-p wWj
np-p Wjgnyg-Np 2
— < = R5
ng+-p wp 2




Light-Cone Directions

nJj
= W7ig—
4 775
4 : .
Choose conjugate directions:
_ 2 _ 2
ny = np np = ng
ny-ng ny-ng

= nj-Nnjg=ng-ng =2

.
4 ™
ny-p WwpMnj-Np 9
Sizes of beam and jet regions: nyp-p wWj
np-p Wgny-nNpgp 9
— < = R5
ng-p wp 2




Beam, Jet, and Soft Contributions

ng
qj = Wj—

o ny-pJ
In each case of 1-jettiness, 71 =
2

np-PB
Qs (B
contributions from different modes: 71 = T:']U + TgB + Tg
collinear contributions: 7;° = —, Tp~ = —
SJ SB
transverse _ g
virtualities: tgy=ng-pjny-p; tp =Np-PBNB - Py°
\
( ™
¢ buti P ks  TB kB n';-ky+nlg-kp
soft contribution: s = >
Qs (B Qr
/ nJ,B Qs B
soft boost invariance: nygp — Njyg = Qr = —
’ R;pB Ry Rp
- J
S S
Lorentz J B Qr
invariant a 2 2
T Q Q
constants:
b 2 2
T Q Q
C 2 2
71 Q@ e,




Boost to Hemisphere Soft Function
Hp i Hy

| -jettiness soft function

S(kJ7k37QJ7QB7M ——tI'Z’X‘TYT nJ

known to 2 loops
Kang, Labun, CL (2015);
; Boughezal, Liu, Petriello (2015)
hemisphere N
. anomalous dimension
soft function known to 3 loops

\o\a(kJ—ZQqu — qr-k)ny k)

1€ X g

X 5(/€B — Z 0(qs-ki — QB°/%)”B‘/‘%')

1€ X5



Boost to Hemisphere Soft Function
Hp

| -jettiness soft function

S(kJ7k37QJ7QB7M __trZ’ X‘TYT nJ
d ngj wpmNJjN
ny—n,=—- R, — BJ "B
/ RJ / \/ 2W g
ng — ng = B R _ [WINiNB
RB B 2&)3

known to 2 loops
Kang, Labun, CL (2015);
; Boughezal, Liu, Petriello (2015)
hemisphere N
. anomalous dimension
soft function known to 3 loops

\o\a(kJ—ZQqu — qr-k)ny k)

1€ X g

X 5(/€B — Z 0(qs-ki — QB°/%)”B‘/‘%')

1€ X5



Boost to Hemisphere Soft Function
Hp i Hy

Ry=Rp=1

known to 2 loops
Kang, Labun, CL (2015);
; Boughezal, Liu, Petriello (2015)
| -jettiness soft function hemlsphgre anomalous dimension
soft function known to 3 loops
S(ky kg, asqp 1) = —— trZ‘ (X.| T[Y,), Y, ](0 )\0>‘2 (k—J — " 0wy -k —nf,-ki)nf]-ki)
NcR;jRp Ry =
kp 1 k; kg
><5(—— O(n'; k; —n'p-k;)n’ -k-): S mi( : : )
RB 'Z(J’L B’L)BZ RJRB he RJ RBM
1€X ¢
( n
o eJ wpnj-np
RJ / \/ 20 7
npg — nly = 2 Wynj-Np
B B — 1 Re —
RB B \/ 2&)3




Boost to Hemisphere Soft Function
Hp i Hy

Ry=Rp=1

known to 2 loops
Kang, Labun, CL (2015);
; Boughezal, Liu, Petriello (2015)
| -jettiness soft function hemisphere anomalous dimension
soft function known to 3 loops
(ks .02,98.0) = 37 H’Z\ XTIV, Yo 0010 8( = 3 Ol = nfy ki)
NcR;jRp Ry =
]CB 1 kJ kB
><5(—— Hn’-ki—n’ kz 77/ kz): Semi( , , )
R zez);(J B ki)n'p RJRBh R, RB'U
( ng Wy ng )
ny—n;=—- By =, |22 S
Ry / \/ 2w N
”B%”EZZ_B RB:\/“J”J'”B S(ks.kp, Ry, R, p) = ———5 -(k‘] i )
B Ym Jy kB, g, i, W R, Ry hemi R, RB"M

cf. Feige, Schwartz, Stewart, Thaler (2012)



Transverse jet and beam momenta

Convolution between jet and beam transverse momenta:

W 3[ / d?mjuanB X (0)5(QpTE —np - 5"2)[6(7p - g + i - PNS2(BL — Pi)Xns)(0)|Poy)

X (0[xn,(0)0(QuTs —ny-p"7)d(Rny-q+ny- 77(5 (gL +p¢+73L)XnJ )|0)

\

~

pPL
Hpi Tty N g5 =q+zP

A

hnl'"'"“

o T

|
¢

|

- N
g = () with respect to this

gy and gs

transverse momenta of beam and
jet are equal and balanced

» convolution over P |

remains, depends on kT-

dependent beam function
(perturbative kT)




Transverse jet and beam momenta

Convolution between jet and beam transverse momenta:

W )[/ dZﬁL](PnB Xny(0)0(QpTE —np-D"?)|0(nB g+ B 'Pﬁ2(1ﬁ — PJ—)X’RB](O)‘P”B>
% {0[Xn, (0)8(QyTs — ny - p"7)8(7s - q + iy - PYO QI+ Do + PL)¥Xn, (0)|0)

\

~

Pl
N q; =q+aP

hnl'"'"“

A

o T

|
¢

|

/HB".:%J

- N
g = () with respect to this
gy and g

transverse momenta of beam and
jet are equal and balanced

» convolution over P |

remains, depends on kT-

dependent beam function
(perturbative kT)




Transverse jet and beam momenta
Convolution between jet and beam transverse momenta:

W{/d pj Pop|Xnp(0)0(Q@pT —np - p"7?)[0(np - q+ np - Pﬁ pJ__PJ_)XnB NPrp)
% {0[Xn, (0)8(QyTy — ny - p"7)8(7s - q + Ry - PYO2(qu + Po + PL)Xn, (0)|0)

g7 = pJ + O(QN°)

—> 71 aligned so that transverse label
momentum on X'n ; is zero

4 ~ p
jet function independent of beam P |

* integral averages over beam D |

turns into ordinary beam function
\ J

difference between q; axes for case A and B is a leading-order effect on the
argument of beam and jet functions



Transverse jet and beam momenta
Convolution between jet and beam transverse momenta:

W{/d Pj Php|Xnp(0)0(@BTB —np - p"7)0(RB - ¢ + 1B - Pﬁ pJ__PJ_)XnB NPrg)
X (0[xn,(0)0(QsTs —ny - P" )5(7_1J'Q+ﬁJ'P(52(M+PL)XnJ(O)0

g7 = pJ + O(QN°)

—> 71 aligned so that transverse label
momentum on X'n ; is zero

4 ~ p
jet function independent of beam P |

* integral averages over beam D |

turns into ordinary beam function
\ J

difference between q; axes for case A and B is a leading-order effect on the
argument of beam and jet functions



Transverse jet and beam momenta
Convolution between jet and beam transverse momenta:

|44 {/d Pj Pl Xn; (0)0(QpTs —np -p"?)0(np - q+ np - 7’@ (pL — PJ_)XnB N Prg)

X (0[xn,(0)0(QsTs —ny-p"7)0(Ry - q+ 7y - 77(5 (gL +p¢+73¢)xnj )|0)
Hp | H,

gL =+\/1—yQn,

I
-

qJ

gL + D1

4 )

momentum transfer q itself has nonzero nontrivial convolution between jet
transverse component relative to P, k function and pT-dependent beam function
\ J




Differences between versions A and B

[n‘}‘ =n? (’)()\)]

L do(z, Q%) : ty_ 1o
= H dt jdtpdkgd| 71 — = — — —
op Aty (@ ,,u)/ FEBEESE\ Q* Q@
X Jq(tr, ) By(ts, x, u)S(ks, p)
g —'?:E L do(z,Q%) = H(Q? ,LL)/dsz_dt dtpdksé| 10 — tr_Ip
E = | op  dr} | T L@

"~

-

-
= b—é
__-.-_“r .

X Jq(tJ — pi,H)Bq(tB,ZC, pi,,u)S(kS,,u)



Differences between versions A and B
(ng =nf +0M)

2
010 do(x,Q°) —(H ,u)/ dtjdthks(5<T _____ %)

Differences 5 .
S CICTE

suppressed:

|

LR

'\h....nilmu

tg  k
:” @ / dPp | dtydtgdksd (Tl VLB —S)

x Jg(t; —p1,w)By(te, ,pbu_

i"'!mmm'"\ ‘

|
I



Differences between versions A and B

[n‘}‘ =n? (’)()\)]
1 do(x,Q?)

og  dt{

t t
— H(QZ,,{L) /dtjdthk55<Tch LB

X (g (b, 1By (s 2, 1) S (Ks, 1)

Differences argument of jet type of beam
leading order: function function
E e ¥ 1 do(x, Q%) 5 / 2 py_ s 1B
E = 2 ! = H(Q?, dprdtydipflkso| @ — =5 — =5 —
E = | oo dr} (@5 )| dprdtydtpflso T Q* Q7

-

-

-
- _——é
_.-—-_‘"_ )

><(Jq(tJ — pa_a Mﬁgq(tBa L, pia @S(k57 :u)




